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Abstract. In this paper we study the asymptotic behavior of the regularity of symbolic 
powers of ideals of points in a weighted projective plane. By a result of Cutkosky, Ein and 
Lazarsfeld [4|, regularity of such powers behaves asymptotically like a linear function. We 
study the difference between regularity of such powers and this linear function. Under 
some conditions, we prove that this difference is bounded, or eventually periodic. 

As a corollary we show that, if there exists a negative curve, then the regularity of 
symbolic powers of a monomial space curve is eventually a periodic linear function. We 
give a criterion for the validity of Nagata's conjecture in terms of the lack of existence 
of negative curves. 

1. Introduction 

Suppose that H is an ample Q-Cartier divisor on a normal projective variety V, and X 
is an ideal sheaf on V. Let v : W — ► V be the blow up of X. Let E be the effective Cartier 
divisor on W defined by Ow{—E) = XOw- The s-invariant, S£wm(X), is defined by 

SQ v tm(I) = infjs G M | v*(sH) — E is an ample IR-divisor on W}. 

The reciprical, 7^37 > is the Seshadri constant of 1. 

Examples in [3j and [I] show that sh(X) can be irrational, even when Oy{H) = Op(l) 
on ordinary projective space. 

Suppose that K is a field, and do, • • • , are positive integers. Let 5 = K[xq, . . . , x^] 
be a polynomial ring, graded by the weighting wt(xj) = a\ for < i < n. Let m be the 
graded maximal ideal of S. Let P = P(ao, ai, . . . , c%) = proj(S) be the associated weighted 
projective space. P is a normal projective variety. P is isomorphic to a weighted projective 
space in which gcd(ao, ai, . . . , Oj_i, aj + i . . . , a-n) = 1 for < i < n [8j, [10J. 

We will suppose through most of this paper that do, . . . , € Z + satisfy the condition 
that gcd(ao, «i, • • • , Oj-i, ctj+i . . . , a„) = 1 for < i < n. With this assumption on the a^, 
there exists a Weil divisor H on P such that Op(r) = Op{rH) is a divisorial sheaf of Op 
modules (reflexive of rank 1) for all r £ Z |25j . 

Let M be a finitely generated, graded 5-module. The local cohomology modules H' L m (M) 
are naturally graded. The regularity of M is defined ([12]) by 

reg(M) = max{i + j | H l m (M)j / 0}. 

Suppose that / C S is a homogeneous ideal. Let I sat be the saturation of / with 
respect to the graded maximal ideal of /. Let X be the sheaf associated to I on P. Let 
X = X(I) = proj(0 m>o T m ) be the blow up of I, with natural projection / : X — > P. 
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In Section [21 we develop the basic properties of regularity on weighted projective space, 
and show that the theory of asymptotic regularity on ordinary projective space extends 
naturally to weighted projective space. For instance, the statement on ordinary projective 
space, proven in Theorem 1.1 of [5j, or in [21], extends to show that reg(/ m ) is a linear 
function for m 3> 0. We also establish the following basic result, which generalizes the 
statement for ample line bundles proven in Theorem B of 0] to the Q-Cartier Weil divisor 
Cp(l) on weighted projective space (with the dj pairwise relatively prime). 

Theorem 1.1. We have that 

rn— +oo 777, v ' 

In general, as commented above, this limit is irrational, so reg((I m ) sat ) is in general far 
from being a linear function. 

We will write [x\ for the greatest integer in a real number x. We may define a function 
a i : N — > Z by 

reg((/ m ) sat ) = Lm, 0p(1) (J)j+a / (m). 
By Theorem ll.lt we have that 

lim = 0. 

m— >oo Tfl 

An interesting question is to determine when 07/(777) is bounded. We do not know of an 
example where 07(777) is not bounded. 

In this paper, we study the case where I C S = K[x, y, z] is the ideal of a set of non- 
singular points with multiplicity (a "fat point") in a weighted two dimensional projective 
space P = P(a, 6, c), with wt(x) = a, wt(y) = 6, wt(z) = c and a,b,c pairwise relatively 
prime. We also assume that K is algebraically closed. Suppose that P\, . . . , P r are distinct 
nonsingular closed points in P(a, b, c), and ej are positive integers. Let Ip. C S = K[x, y, z] 
be the weighted homogeneous ideal of the point Pi, and let I = n[ =0 /p% Let 1 = I be the 
sheafication of I on P, and define 

»C0 = s ©p(i)(2)- 

Let u = Y^i=i e l- We have that s(J) > v 7 abcu. If s(I) > V abcu, then s(I) is a rational 
number. 

Nagata's conjecture states that s(J) = y^r if r > 9, ej = 1 for 1 < i < r and Pi, . . . , P r 
are independent generic points in ordinary projective space P 2 . Nagata proved this con- 
jecture in [27] in the case that r is a perfect square, as a critical ingredient in his coun- 
terexample to Hilbert's fourteenth problem. A proof of Nagata's conjecture in the case 
of an r which is not a perfect square would give a set of points in P 2 for which s(J) is 
not rational. Some recent papers on regularity and s-invariants of points in P 2 are p], [9], 
PU, PU and [2D]. 

Let 1^ be the m-th symbolic power of /, which is also, in our situation, the saturation 

(I m ) sat of I m with respect to the graded maximal ideal m of S. 

We prove the following asymptotic statements about regularity in Section El 

A function : N — > Z is bounded if there exists c E N such that 1 0(777.) | < c for all 

777 E N. In Theorem 14.61 we prove: 



Let I be the ideal of a set of fat points in a weighted projective plane. Then 0/(777) is a 
bounded function. 
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If the graded -fT-algebra © m>0 I^ m ' is a finitely generated .fT-algebra, then reg(I^) 
must be a quasi polynomial for large m. A quasi polynomial is a polynomial in m with 
coefficients which are periodic functions in m. In general, ® m > I^ m ' is n °t a finitely 
generated -fC-algebra. Some examples where this algebra is not finitely generated are 
given by Nagata's Theorem [27J, showing that it is not finitely generated when r > 9 is a 
perfect square and r generic points in P 2 are blown up. Goto, Nishida and Watanabe |15j 
give examples of monomial primes P(a, b, c) such that the symbolic algebra is not finitely 
generated. 

A function a : N — > Z is eventually periodic if o~(m) is periodic for m 3> 0. In Theorem 
14.71 we prove: 

Suppose that s(J) > V abcu and K has characteristic zero or is the algebraic closure of a 
finite field. Then the function o~i(m) is eventually periodic. 

An example, defined over a field K which is of positive characteristic and is transcenden- 
tal over the prime field, where s(J) > V abcu but a(m) is not eventually periodic, is given 
in Example 4.4 [5]. In this example, constructed from 17 special points Pi in ordinary pro- 
jective space P 2 , I = I Pl n • • • n I Pl3 n n • • • n Ip i7 . We have s(J) = ^ > Vabcu = 
in this example. 

Let H be a Weil divisor on P such that £> P (1) = C P (F) and let A = f*(H). An effective 
divisor Donl such that (D-D) < will be called a negative curve. An effective divisor 
D such that D ~ aA — mE for some positive integers a and m will be called an ^-uniform 
curve. 

We establish in Corollary 14.81 that 

Suppose there exists an E -uniform negative curve on X(I), and K has characteristic zero, 
or is a finite field. Then s(I) is a rational number and the function o~i(m) of Theorem \4-6\ 
is eventually periodic. 

An important case of this construction is when i = 1, and / = P(a,b,c) is the prime 
ideal of a monomial space curve. The ideal P(a, b, c) is defined to be the kernel of the 
-ftT-algebra homomorphism K[x,y, z] — > K[t], given by x i— > t a , y i— > t b , z i— > t c . As a 
corollary to Theorems 14.61 and 14.71 we have the following application, Corollary 14.91 to 
monomial space curves. 

Suppose that I = P(a, b, c) is the prime ideal of a monomial space curve, and there exists 
a negative curve on X(I). Then s(I) is a rational number, and the function ai(m) is 
eventually periodic. 

We do not know of an example of a monomial prime / = P(a, b, c) where there does not 
exist a negative curve. This interesting problem is discussed in |22j . 

In Section [5j we give a criterion for the validity of Nagata's conjecture in terms of the 
lack of existence of uniform negative curves on certain weighted projective planes. 



2. Regularity on Weighted Projective Space 

In this section we define the regularity of a finitely generated graded module over a 
non-standard graded polynomial ring. 

Let K be a field and B = K[x±, . . . , x s ] be a graded polynomial ring with wt(xi) = di, 
. . . , wt(x s ) = d s , where d\, ■ ■ ■ , d s are positive integers. Set m = (x%, . . . , x s )B. 
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Definition 2.1. For a finitely generated 5-module M 7^ 0, We define ai(M), reg(M), 
regj(M) and reg'(M) as follows: 



ai{M) 



max{j G Z | H i m {M) j / 0} if H^(M) / 
— oo otherwise 



(1) reg(M) = maxji + j | H t m (M) j / 0} = max{ a*(M) +z | < i < dimM} 

" max{j G Z | Torf (M, B/m)j 0} - i if Torf (M, 5/m) / 
— oo otherwise 

reg'(M) = max{reg i (M) | i > 0} 



regi(M) 



It is not difficult to prove the following theorem (cf. Theorem 3.5 in [7]). We omit a 
proof. 

Theorem 2.2. With notation as above, 

s 

reg(M) = reg'(M) + s - ^ d». 

i=l 

Remark 2.3. Assume d\ = • • • = d s = 1. Let / be a homogeneous ideal of i?. Put 
P = proj(B). 

The regularity of a coherent Op module T is 

(2) reg(^) = min{Z | H\F, F(j - i)) = for all j > / and « > 0}. 
Let I be the ideal sheaf on P associated to /. We have that 

(3) reg((/ m ) sat ) = reg(J m ) 

for all m > 0, as follows from Theorem A4.1 

For each i > 0, regj(/ m ) is eventually linear on m by Theorem 3.1 in [5]. 

Hence, reg(/ m ) is eventually linear on m as in Theorem 1.1 (ii) in [5]. 

On the other hand, there exists an example that ai(I m ) is not eventually linear on m as 
follows. Let / be the ideal in Example 4.4 in [5] (which was refered to in the introduction). 
Then, 

reg((/ m ) sat ) = max{a 2 ((/ m ) sat ) + 2, a 3 ((/ m ) sat ) + 3} = max{a 2 (/ m ) + 2, 0} = a 2 (/ m ) + 2 

since reg((I m ) sat ) = reg / ((I m ) sat ) > 0, and reg((I m ) sat ) is not eventually linear in m. 
Therefore, a2(I m ) is not eventually linear in m in this case. 

In Section El we will consider the case when S = K[x,y,z], with wt(x) = o, wt(y) = b 
and wt(z) = c for pairwise relatively prime positive integers a, 6, c, and / = Ip n • • • n IJr 
with Pi distinct nonsingular points of P(a, b, c). We will then have that 

reg((/ m ) sat ) = max{a 2 ((/ m ) sat )+2,a 3 ((/ m ) sat )+3} = max{a 2 (/ m )+2, 3-a-b-c} = a 2 (/ m )+2 

since reg((I m ) sat ) = reg / ((/ m ) sat ) + 3 — a — b — c>3 — a — b — c, and (with the notation 
defined in the introduction) 

a 2 (I m ) = max{n G Z | H l {X, O x (nA - mE)) ^ 0}. 

Remark 2.4. Let B\ = K\x\, . . . ,x s ] and -B 2 = K[yi, . . . , y s ] be graded polynomial rings 
with wt(xi) = d,i (i = 1, . . . , s) and wt(yj) = d'j (j = 1, . . . , s), where the d^s and d^-'s are 
positive integers. 

Let 5 : B\ — > B 2 be a flat ET-algebra graded homomorphism. Assume that £> 2 /(xi, . . . , x s )B2 
is of finite length. 
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Set mi = (x%, . . .,x s )B 1 and m 2 = (yi, . . .,y s )B 2 . 

Let M be a finitely generated graded i?i-module. Then, 

(4) W m (M) ® Bl 5 2 = < lB2 (M ® Bl B 2 ) = < 2 (M ® Bl B 2 ). 
Here, set 

£ = max{n G Z | [S 2 /miS 2 ] n / 0}. 

By dU), we obtain 

Oi(M ®Bi B 2 ) = Oi(M)+^ 
for i = 0, . . . , dimM. Therefore, 

(5) reg(M ® Bl B 2 ) = reg(M) + £. 

From the above Remark, we see that the statement on ordinary projective space, proven 
in Theorem 1.1 of [5], or in [21], extends to show that reg(I m ) is a linear function for m 3> 0, 
when / is a homogeneous ideal with respect to our weighting. 

Remark 2.5. Let B x = K[ Xi, . . . , x s ] and B 2 — K[yi, . . . , y s ] be graded polynomial rings 
with wt(xi) = di (i = 1, . . . , s) and wt(y 3 ) = 1 (j = 1, . . . , s), where the d^s are positive 
integers satisfying the condition gcd(di, . . . , dj-i, di+ii ■ ■ ■ > d s ) = 1 for 1 < i < s. 

Let 5 : B\ —> B 2 be the -fC-algebra graded homomorphism satisfying = yf l for 

i = 1, . . . , s. Remark that 5 is flat, B 2 /(x\, . . . , x s )B 2 is of finite length and 

s 

£ = max{n G Z | [B 2 /(xi, . . . ,x s )B 2 ] n / 0} = dj - s. 

%=l 

Let I be a homogeneous ideal of B\. Then, 

(/ m ) sat ® Bl B 2 = (I m ) sat B 2 = (i m S 2 ) Bat 
for any m > 0. Thus, using ([5]), we have that 

s 

reg((™ 2 ) sat ) = reg((/ m ) sat ) + - s 

i=l 

for any m > 0. Therefore, 

reg((/ m J B 2 ) sat ) reg((I m ) sat ) 
(b) hm = hm . 

m— >oo f)T, rra— »oo 777, 

Here, set X = proj(Si), Z = proj(-B 2 )- By our condition on the di, there exists a Weil 
divisor H on X such that Ox{r) — Ox(rH) is a reflexive, rank 1 sheaf of Xj> modules for 
all r G Z |25j. Let V (resp. W) be the blow-ups of X (resp. Z) along the ideal sheaf X = I 
(resp. TOz = IB 2 ). Then, we have the following Cartesian diagram: 

W — * Z 
f I I 
Y X 

Set E = 7r _1 (proj(i?i//)). Let t be a positive integer such that Ox{f) is invertible (we 
can take I = lcm(<ii, . . . , d s )). By the projection formula, for any positive integers a and 
P, Oy(-if3E) ® ir*O x (£a) is nef if and only if so is f*(0 Y (-i(3E) <g> 7r*O x (to)). Hence, 
> SQ z n\(IOz) if and only if a//3 > so x m(Z). Therefore, we obtain 

(7) so z{ i)(10 z )=s 0x{l) (l). 
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On the other hand, 

(8) jToo m = "OmW^Oz) 

by Theorem B in [4J. By ©, (0) and (JSJ, we obtain 

(0) li m «=^» 0x(1) (Z), 
which is the statement of Theorem 11.11 



3. Blow ups of a Weighted Projective Plane 

Suppose that G is a subgroup of M. Then G + will denote the semigroup of positive 
elements of G, and G>q will denote the semigroup of nonnegative elements of G. 

In this section, we will suppose that K is an algebraically closed field, and a, b, c E Z + 
are pairwise relatively prime. Let P = P(a, 6, c) be the corresponding weighted projective 
space. Suppose that Pi,...,P r are distinct nonsingular closed points in P(a, b, c), and 
ei, . . . , e r G Z_|_. 

The coordinate ring of P(a, 6, c) is the graded polynomial ring 



S = K[x,y,z] = ($H (F,O P (n)), 



n>0 

which is graded by wt(x) = a, wt(y) = b, wt(z) = c. Let m = (x,y,z) be the graded 
maximal ideal of S. 

Some references on the geometry of weighted projective spaces are [10] and [25]. We 
have that P(a, b, c) is a normal surface, which is nonsingular, except possibly at the three 
points Qi = V(x,y), Q2 = V(x,z) and Q3 = V(y, z). Since a,b,c are pairwise relatively 
prime, there exists a Weil divisor H on P such that Op(r) = Of{rH) is a reflexive, rank 1 
sheaf of Op modules for all r S Z [25]. The canonical divisor on P is Op (—a — b — c). We 
have that Op(£) is an ample invertible sheaf if £ = lcm(o, 6, c). 

Suppose that L is a finitely generated graded S'-module. Recall (Section [2]) that the 
regularity, regL, of L is the largest integer t such that there exists an index j such that 
H° m (L)t-j ^ 0. We will denote the sheaf associated to L on P by L. 

For all j G Z, we have a natural morphism of sheaves of Op modules 

A : L(j) := L ® O p (j) -» L(J) 

which is an isomorphism whenever Op(J) is Cartier. 

Let Ip. C K[x,y, z] be the weighted homogeneous ideal of the point Pi, and let I = 

1 l i=o-'p i - 

An important case is when i = 1, and I = P(a,b,c) is the prime ideal of a monomial 
space curve. 

Let I = I be the sheaf associated to I on P. For m E N and n G Z, 

T m (n) ^ 5^T) ^ J m ® Op(n), 

since Op(l) is locally free at the support of O/I. 

Let 1^ be the m-th symbolic power of /, which is also, in our situation, the saturation 
(J m ) sat of I m with respect to the graded maximal ideal m of S. We have, as follows from 
Theorem A4.1 |llj . that the graded local cohomology satisfies 

(10) = ffi(/H) = 
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for all m £ N, and for i > 1, we have graded isomorphisms 

(11) H l + l (I^) ^ 0iT(P,r») = ($H l (F,l m ®0 ¥ (n)). 

Let / : X = X(I) — > F(a, b, c) be the blow up of these points. Let Ei be the exceptional 
curves mapping to Pi for 1 < i < r, and let E = e\E\ + • • • + e r E r . Let A be a Weil divisor 
on X such that Ox (A) = /*Op(l) (recall that Op(l) is locally free at points where / is 
not an isomorphism). 

Since / is the blow up of the nonsingular points Pi, ... , P r , for m > 0, f*Ox(—mE) = 
X m and R l f^Ox(-'mE) = for i > and m > (for instance by Proposition 10.2 [23]). 
Since 0p(l) is locally free above all points on P where / is not an isomorphism, by the 
projection formula, 

f*Q X (nA - mE) ^l m ® ¥ (n) T m (n) 
for all m G N and n£Z, By the Leray spectral sequence, we have that 

(12) H\X,O x {nA-mE)) s ^(P,^^)) 

for all m G N, n € Z and i > 0. 

The m-th symbolic power of I can be computed as 

n>0 

Let u = ^ =1 e|. 
We have 

(13) (A ■ A) = —, (Ei ■ Ei) = -1, (A ■ Ei) = 0, (E ■ E) = -u and (A ■ E) = 0. 

abc 

Let Div(X) be the group of Weil divisors on X. There is an intersection theory on 
Div(X), developed in [26], which associates to Weil divisors D\ and D2 on X a rational 
number (D\ ■ D2). Divisors D\ and D2 are numerically equivalent, written D\ = D2 if 
(D\-C) = (D2 -C) for every Weil divisor C on X. A Q-divisor D on X is called numerically 
ample if (D-C) > for all curves C on X and (D-D)> 0. Let iVi(X) = (Div(X)/ =)<g>R. 
We will write D to denote the class in N\(X) of a Weil divisor D rail, 

Let L be the real vector subspace of N\(X) spanned by (the classes of) E and A. Let 
NL = NE(X) n L and let ,4L = AMP(X) n L, where NE(X) is the closure of the cone of 
curves on X, and AMP(X) is the closure of the ample cone on X. 

We now make a sketch of the cones NL and AL. NL is a cone with boundary rays 
£TR>o and R = (tA — E)M>q for some r = t(I) £ M. AL is a cone with boundary rays 
j4IR>o and T = (sA — P)M>o, where s = s(I) = sa r (i)(I) G M is the s-invariant of /. 

Let g : Y — > X be the minimal resolution of singularities. Let £ be a line bundle on 
X. X has rational singularities implies H l (Y,Ai) = H l (X,C) where M. = g*{£>)- By the 
Riemann Roch Theorem on Y, (x{Oy) = 1 since Y is rational) 

x {C) = X {M)= l -{M-M®ujy 1 ) + l. 
By the projection formula, 

(14) x {C) = \(C-C®u Jx 1 ) + l. 

Since X has rational singularities, g*u>Y = wx = Ox(— ifl + b + c)A + E\ + ■ • ■ + E r ). 
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Proposition 3.1. We have vanishing of cohomology H 2 (X,Ox(aA — 0E)) = if (3 > 
and a > — (a + b + c) . 

Proof. We have H 2 (X, O x (aA - (3E)) F 2 (P,T /3 (a)). From the exact sequence 

-> 2^(a) -► P (a) -»■ (0 P /J /3 )(a) -► 
and the fact that (Op/I^)(a) has zero dimensional support, we have that 

H 2 (F,I p (a)) F 2 (P,C P (a)) = 
for a > -(a + b + c). □ 



From (|13p . (|14p and Proposition 13,11 we see that V abcuA — E 6 iVL, since 

((VaftcuA - #) • (y/abcuA - = 0. 

Thus 

(15) < r(J) < Va&cu < s(I). 

Suppose that Z? is a Weil divisor on X. g*(D) is defined in [26] as the Q-divisor on 
Y which agrees with the strict transform of D away from the exceptional locus of g, and 
has intersection number with all exceptional curves. If F = ^ ociEi is a Q-divisor on Y 
(with o.i £ Q), then we define a Z-divisor by [-^J = ^2\_cti\Ei. If £ is a line bundle on X, 
then as for instance follows from the projection formula of Theorem 2.1 of [28] . 

(16) H°(X,Ox(D)®C) = H (Y,O Y (lg*(D)\)®g*£). 

Lemma 3.2. Suppose J 7 is a coherent sheaf on X and B is a line bundle on X. 

1. The Euler characteristic x{J~ ® & n ) is a polynomial in n for n E N. 

2. If{B-O x {A)) >0 then H 2 {X,T ® B n ) = for n » 0. 

Proof. We first prove 1. Let Ai be an ample line bundle on the projective surface X. Thus 
there is a composition series of T by Ox modules Oz t <8> M ei with 1 < i < m, where m is 
a positive integer, Zj are (integral) subvarieties of X and e, G Z (c.f. Section 7 of Chapter 
1 of 1191). Thus 



(17) x(.F £ n ) = J] x(Oz, ® -M £l ® S n ). 

i=i 

If Zj = X we have that 

X {0 Zt ® ® B») 

is polynomial in n by the Riemann Roch formula (|14p . If Zj is an (integral) curve, then 
we have an exact sequence 

- Zi -+ Oz. -> & -> 

of modules, where Zj is the normalization of Zj. Since C?j has finite support, xiOzi <8> 
.M ei <S>i3 n ) is a polynomial in n by the Riemann Roch theorem on the nonsingular projective 
curve Zj. In the case when Zj is a point, x(C^ ®> -M 6i <8> £> n ) = xi^zj = 1 for all n. 

Now we prove 2. By the consideration of the composition sequence constructed in the 
first part of the proof, we are reduced to showing that for 1 < % < m, H 2 (Zi,Ozi <8> M £i <8> 
/?® n ) = for n 3> 0. If Zj = X this follows from Proposition 13.11 Otherwise, Zj has 
dimension smaller than 2, so the vanishing must hold. □ 



4. Regularity of Symbolic Powers 



We continue with the assumptions of Section [3l 

Proposition 4.1. There exist positive integers bo and to such that if D is a Weil divisor 
on X such that D is in the translation of AL by to(boabcA — E) + abcA, then H l (X, D) = 
for i > 0. 

Proof. Let T m = Ox(mA) for < m < abc. There exists a positive integer bo such that 
boabcA — E is ample on X. Let M. = Ox{boabcA — E). 

We use the following vanishing theorem, proven in Theorem 5.1 of |13j . Let T be 
coherent on a projective scheme Y, and Ai be an ample line bundle. Then there exists 
an integer t such that H l (Y,J r (g) £ (g) .M ) = for all nef line bundles £ on Y and for all 
i > 0. 

Choose to so that to satisfies the condition for t in the above vanishing theorem, for J- m 
with < m < abc and for all i > 0. 

Suppose £> is in the translation of AL by to{boabcA — E) + abc A. Then D ~ a^4 — f3E + 
to(boabcA — E) + abcA, with a > s/3. Expand a = nabc + m with < m < a&c. Then we 
have 

Ox{D) = T m <g> £ <g> A4*° 
where £ = + l)a6c^4 — is nef. Thus the conclusions of the Proposition hold for 

D. □ 

Suppose that D is a divisor on X. Define 

D 1 = {ip£N 1 (X) \{D -ip) = 0}. 

An effective divisor D such that (D ■ D) < will be called a negative curve. An effective 
divisor D such that D ~ aA — mE for some positive integers a and m will be called an 
S-uniform curve. 

Lemma 4.2. Either T = (V abcuA — E)M.>q, or T = C Pi AL ; where C is an irreducible 
negative curve. 

Proof. Recall from (fT5|) . that T = (s(I)A — E)W>q, with s = s(I) > V a6cu. Suppose 
that s > V abcu. There exists a S Q such that s > a > \fabcu. Write a = § where 
c,de Z+. By ([13]), (fJI]) and Proposition EH we have that h°(X, O x (m(cA - dE))) > 
for m ^> 0. Thus there exist only a finite number of irreducible curves C\, . . . ,Ct on X 
such that (d ■ (a A — E)) < 0. 

Suppose that (C • (sA — E)) > for all irreducible curves C on X. In particular, 
(Cj • (sA — E)) > for all 1 < i < t. This implies that there exists a real number (3 with 
a < /3 < s such that (Cj • {flA — E)) > for 1 < i < t. If C is an irreducible curve on 
X other than one of the Cj, then we have (C • {a A — E)) > and (C ■ A) > 0, so that 
(C • ((3 A — E)) > 0. Thus (3 A — Eg AL, a contradiction. Thus there exists an irreducible 
curve C on X such that (C • (s^4 — E)) = (the only irreducible curves C on J with 
(C- A) = are the E t ). 

□ 

Theorem 4.3. Let u = Ya=i e l ■ We have that s(I) > V 'abcu. If s(I) > V 'abcu, then s(I) 
is a rational number. 

Proof. The proof is immediate from (|15j) and Lemma 14.21 □ 
Negative curves and i^-uniform curves are defined before Lemma 14.21 
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Lemma 4.4. Suppose that there exists an E -uniform negative curve F. Then s(I) > 
V abcu, and T = C n AL, where C is an irreducible negative curve in the support of F. 

Proof. Let F be an F-uniform negative curve. F ~ mA — nE for some m, n E Z + . Since 
(F 2 ) < 0, and F is effective, there exists an irreducible curve C in the support of F such 
that (C • F) < 0. Since ((sA — E) ■ (tA — E)) > and r < V abcu, we have s > yfabcu. 
We have T = {a A + F)M>o for some a > 0. Since T is a boundary ray of AL, for all 
e > 0, there exists an irreducible curve C e on X such that (C e • ((a — e)A + F)) < 0. Since 
(C £ • A) > 0, we must have (C e ■ F) < 0, so that C e is in the support of F. Since F has 

only a finite number of irreducible components, we have that T = C for some irreducible 
component C of F. □ 

Proposition 4.5. There exist t\ > and mo > suc/t i/iaf m > rn-o implies there exists 
a Cartier divisor D = a A — mE such that D lies between the rays T and the translation 
ofT by -tiA such that h}{X,O x {D)) ± 0. 

Proof. Let 7 = V abcuA — E. Let 



/ abc 

a = (ei H h e r )\ : ^ 



Observe that V abcu E Q if and only if d E Q. Suppose that n E Z + and a(n) E M>o are 
such that nj — a{n)A is a Cartier divisor. Then by (|13p and (TTJ 



x(Ox(n7-«(n)A)) 

= n iv4 (( ° + b + C) - ^ - 2a(n)) + ^ (° (n)2 - + 6 + C) ) + L 

By (|15p . we always have s > r, so that we reduce to establishing the Proposition in the 
two cases s = r and s > r. 

Case 1 Assume that s = t so that by (|15p . T = R = 7lR>o- For n E Z+, choose a{n) in 
(|18p so that 2abc < a(n) < 3a6c. Then (a + 6 + c) — d — 2a(n) < 0, so that 

-/i 1 (X,O x (n7-a(n)A)) < xipx{n"i - a(n)A)) < 

for n ^> 0. 

Case 2 Assume that the boundary ray R = (tA — E)M>q of NL and the boundary ray 
T = (sA — E)R> of NA satisfy s > r. 

We must have s > \fabcu with these assumptions, for otherwise, 7 E AL, and there 
would be an effective divisor F = aA—f3E such that ^ < V a&cu, so that i 7 is an F-uniform 
negative curve. We would then have that (F ■ 7) < 0, a contradiction. 

By Lemma H21 we have T = C , where C is an irreducible negative curve. Let p a (C) 
be the arithmetic genus of C. Let 5 = sA — E. Let 

P = maxjO, ^ }. 

For n E Z + , let a(n) be such that 

(19) < a{n) < j3 + abc 

and n<5 — a(n)A is a Cartier divisor. 
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We have an exact sequence of Ox modules 

(20) -► Oxinb - a{n)A - C) -» O x {n5 - a{n)A) -» O x (^ - a(n)A) ® O c -»■ 0. 

Since s > yabcu, be have that h°(X, Ox(n5 — a(n)A)) > for n 3> 0. We further have 
that ((n<5 — a(n)A) ■ C) < 0, so since C is an integral curve, for n ^> 0, 

x (n<5 - a(n)A - C)) = h°(X, O x (n5 - a(n)A)) > 0. 

We have that 

h 2 (X,O x (n5 - a(n)A- C)) = h 2 (X,O x (n5 - a(n)A)) =0 

by Proposition 13.11 

From (|2(jp we now have 

h x {X, O x {n5 - a(n)A - C)) - h\X, O x (n5 - a{n)A)) 
= X (Ox(n5 - a(n)A)) - X (Ox(n5 - a(n)A - C)) 
= x(Ox(nd - a{n)A) ® O c ) 

= (C ■ (n5 - a(n)A)) + 1 - p a (C) < 

where the last equality is by the Riemann Roch theorem for the curve C, and (|19p . Thus 
h x {X,O x (n& ~ a{n)A)) > for n > 0. 

□ 

Recall that [^J is the greatest integer in a real number x. 
Theorem 4.6. There exists a bounded function aj : N — > Z such that 

re g(/ (m) ) = [s(I)m\ +<rj(m) 

/or a// m£N. 
Proof. For i >2, 

lP m (lW) n = W-\X, OxinA - mE)) 

by equations (jlip and (|12|) . The theorem now follows from Propositions 14. 1 ^ 13.11 and 14.51 
for large m, and thus the theorem is true for all m. □ 

A function a : N — > Z is eventually periodic if <r(m) is periodic for m>0. 
Recall (Theorem I4.3[) that s(I) > \/abcu, and if s(J) > y/abcu, then s(J) is a rational 
number. 

Theorem 4.7. Suppose that s(I) > V abcu and K has characteristic zero or is an algebraic 
closure of a finite field. Then the function crj(m) of Theorem \4- 6] is eventually periodic. 

Proof. By Propositions 14.11 13.11 and 14.51 we need only compute h x (X, Ox{nA — mE)) for 
nA — mE between the rays T translated up by (io^o + l)abcA and T translated down by 
—t\A. Call this region A. 

By Theorem 14.31 there exists a numerically effective Cartier divisor G such that T = 
GM>o. We have (G 2 ) > 0. Since G is rational, there exists a finite number of Weil divisors 
Di with Di E A such that every divisor D with D € A can be written as D ~ D{ + nG 
for some i and some n G N. Let C = Ox{G). 

Since (g*Ox(abc) ■ g*C) > 0, Serre duality on Y implies 

(21) h 2 (Y,O Y (lg*(D t )\)®g*£ n )=0 
for all i and for n>0. 
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By 2 of Lemma 13.21 (1161) and (I2ip , for all % and for n>0we have 

h 1 (x,o x (D i )®c n ) = /i°(x,Ox(A)»/: n )-x(Ox(A)»/: n ) 

= h°(Y, Oy([g*(D t )\) «?*(£«)) - x(O x (A) ® £ n ) 
= ^(F,Oy(L 3 *(A)J)® 3 *(£ n )) 

+ X (0 Y ([g*(D i )\) ®g*(£ n )) - x(O x (D l ) ® £"). 

By the Riemann Roch Theorem on Y and 1 of Lemma 13.21 we have that 

x (0 Y ([g*(D t )\) - x((9x(A) £ n ) 

is a polynomial in n for all i. 

By Proposition 13 of [6], there exists an effective divisor C on Y such that g*(C) <£> Oq 
is numerically trivial, and the restriction maps 

H\Y,0 Y (W{D t )\) ® <?*(£")) - H\C,O c ® Oy(L5*(A)J) ® <?*(£")) 

are isomorphisms for n>0 and all i. 

In the case when if has characteristic zero, Theorem 8 of [6], shows that for all i, 
h l (C, Oc ® 0y(Lff*(A)J ) "X 1 9*{£- n )) is eventually periodic in n for all i In the case when 
K is an algebraic closure of a finite field, then the numerically trivial invertible sheaf 
Cc <S> <7*(£) must be torsion, so some power is isomorphic to Oc*. Thus we trivially have 
that h x {C,Oc ® Y ([g*(Di)\) g*(C n )) is eventually periodic in n for all i. 

In either case of K, /i 1 (Y, Y ([g*(Di)\) g*{C n )) is eventually periodic as a function 
of n. Thus cr(m) is eventually periodic. □ 

When K is a field of positive characteristic which has positive transcendence degree 
over the prime field, the conclusions of Theorem 14.71 may fail. An example of a set of 
points in ordinary projective space P 2 where u(m) is not eventually periodic is given in 
Example 4.4 [5]. 

Corollary 4.8. Suppose there exists an E-uniform negative curve, and K has charac- 
teristic zero, or is a finite field. Then the function c/(m) of Theorem \4-6\ is eventually 
periodic. 

Proof. This follows from Lemma 14.41 and Theorem 14.71 □ 

An important case of this construction is when i = 1, and / = P(a,b,c) is the prime 
ideal of a monomial space curve. As a corollary to Theorems 14.61 and 14.71 we have the 
following application to monomial space curves. 

Corollary 4.9. Suppose that I = P(a, b, c) is the prime ideal of a monomial space curve, 
and there exists a negative curve on X(I). Then s(I) is a rational number, and the 
function o-j(m) of Theorem \4-6\ is eventually periodic. 

5. Uniform negative curves and Nagata's conjecture 

Let S be a polynomial ring as in Section [3l Let C = K[u, v, w] be a polynomial ring 
with wt(n) = wt(v) = wt(u>) = 1. 

Consider the if-algebra homomorphism 

5: S — ► C 

defined by 5(x) = u a , 5(y) = v b , 5{z) = w c , where a, b, c are pairwise relatively prime 
positive integers. 
Let 

i = i%n---ni% 
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be an ideal of S as in Section [3l 

Consider the following two conditions: 

(Al) K is an algebraically closed field such that ch(i^) is or ch(i^) does not divide 
abc. 

(A2) Ip i j$ xyz for i = 1, . . . , r. 

Lemma 5.1. Assume the conditions (Al) and (A2) as above. There are distinct prime 
ideals Qn, Q%i, ■ ■ ■ , Qi, a bc of C such that 

abc 

(m) n _ r~\ n (m) 



for m > and % = 1, . . . , r. 



Proof. Let Q be a prime ideal of C lying over Jpj. Then, there exists a point (a : (3 : 7) G 



I | r such that 



Q 



U V w 

a f3 7 



where ) is the ideal generated by all the 2 x 2- minors of the given matrix. Remark 
that Q is the kernel of the -fT-algebra homomorphism 

<P(a:P:j) '■ C ► K[t] 

defined by ^(a:/?^) ( u ) = at, Pla-.p-.-y) ( v ) = fa, <P(a:p:i)( w ) = 7*- Then, Jrj is the kernel of 
the -fT-algebra homomorphism 

defined by <p(x) = a a t a , <p{y) = t 6 , tp(z) = j c t c . Let £ g be a primitive g-th root of 1 for 
a positive integer q. 
Set 

f U V w 

^m,n 2 ,n 3 ~ H ^ £ 1q ^n 2/3 ^ 

It is the kernel of the if-algebra homomorphism ^(^a-^p-C 3 !)' ^ or an -^ 71-1 ' 712 anc ^ 
"-3, Qni,n 2 ,n 3 is a prime ideal of C lying over I Pi since P^a-.^p-.C 3 ^ = y?. By our 
assumption (A2), all of a, /? and 7 are not zero. By (Al), 

{(C 1 a:C0 : C'T)€p2-|m = O,...,a-l; n 2 = 0, . . . , 6 - 1; n 3 = 0, . . . ,c- 1} 

are distinct abc points in PjL Therefore, 

{Qni,7i2,n 3 I n i = 0, • • • , a - 1; n 2 = 0, . . . , b - 1; n 3 = 0, . . . , c - 1} 

are distinct prime ideals of C lying over Jj*. Here, we have 

A SSc (C/I Pt C) 
= Mm c {C/I Pi C) 
= {Q 6 Spec(C) \QnS = I Pi } 

5 {Qni,n 2 ,n 3 I «1 = 0, . . . , a - 1; n 2 = 0, . . . , b - 1; n 3 = 0, . . . , c - 1}. 

13 



Since C is an S- free module of rank abc, C/Ip t C is an S/Ip^free module of rank abc. 
Then, it is easy to see 

abc = rank s//pi (C/I Pi C) = £ i C {C Q /I Pi C Q ) • rank s//pi (C/Q). 

QeSpec(C) 

Qns=i Pi 

Therefore, 

{Q G Spec(C) | QnS = JpJ = {Q nijn2in3 | m = 0, . . . , o-l; n 2 = 0, . . . , 6-1; n 3 = 0, . . . , c-1} 
and 

for each m, 712, n 3 . It follows from the equation as above that 

n.i ,Ti.o ,rt3 

— Qni,ri2,n s Cq 

for each ni, 712, n 3 . 
Since 

AssciC/lj^C) 

= MmciC/I^C) 
= Mm c (C/I Pi C) 

= {Qni,n 2 ,n 3 | "4 = 0, . . . , a - 1; n 2 = 0, . . . , b - 1; n 3 = 0, . . . , c - 1}, 

we have 

i^c= n (4? ) ^ 1 ,. 2 ,.3 nc )= n ^Ai««nc)= n ofeu. 

m ,712,113 ni,n 2 ,n 3 ni,ri2,7i3 

□ 

By Lemma |5.1| 

r r abc 

/Mc = f| I% m) C = f|(f| QS; !m) ). 

j=l i=l J=l 

In this case, 

max{n G Z | [C/(u a , w c )C]„ /0} = a + 6 + c-3. 

Then, by (jSJ), 

(22) reg(/ (m) C) = reg(/ (m) ) + a + 6 + c - 3. 

By (|22p . we may assume a = 6 = c= lin Theorem 14.61 and Theorem 14,71 if (Al) and 
(A2) are satisfied. 

Let q\, q n be independent generic points in P^. Suppose that n > 10. Nagata 
conjectured that 

if d < y/nm. Nagata [27] solved it affirmatively when n is a square. 
Consider the following two conditions: 

(AO) K = C, the field of complex numbers, and 

(A3) I = \fl, that is e\ = e 2 = ■ ■ ■ = e r = 1 and £7 = E\ H + £y. 
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Proposition 5.2. Suppose that n is a positive integer which has a factorization n = abcr 
by positive integers with a, b, c pairwise relatively prime. If there exist distinct points 
P%, . . . ,P r on the weighted projective space Pc(a, b, c) satisfying (A2), such that there does 
not exist an E-uniform negative curve on the blow up of¥c(a,b,c) defined by (A3), then 
Nagata 's conjecture is true for abcr general points in P^ . 

Proof. Assume that Nagata's conjecture is not true for abcr general points in P^.. If abcr 
is a square, Nagata solved the conjecture affirmatively. Therefore, we may assume that 
v 7 abcr is not a rational number. 
Let 

Qii ■ ■ ■ i Qabcr he independent generic points in P^. Iq i is the defining ideal of qi. By 
our assumption, there exist positive integers mo and do such that 

(23) do<Vabc7m and H ■ ■ ■ n I™° c J do £ 0- 
Since V abcr is not a rational number, we have 

do < V abcrmo . 

Assume that there does not exist an E- uniform negative curve for some Pj's satisfying 
(AO), (A2) and (A3). Then we have 

[i^] d = [i^n---ni^] d = o 

if d < \J abcrm. Considering the C-algebra homomorphism 

5 : S = C[x, y, z] — ► C = C[u, v, w], 

we obtain 

r r abc 

o = [i^c] d = f| i^c] d = [f](f] gW)] d 

i=l i=l j=l 

for d < V abcrm. This contradicts to ([23]) since we can specialize {q\, . . . , q a bcr} to 

{Qij \ i = l,...,r; j = I,..., abc}. 

□ 

Remark 5.3. Let K be a field and a, b, c be pairwise relatively prime integers. Let 
-Pr-(<2, b, c) be the kernel of the -ff-algebra homomorphism 

5 :S = K[x,y,z] -> K[t] 

defined by 5(x) = t a , S(y) = t b , 5{z) = t c . 

Let Xk(o,, 6, c) be the blow-up of the weighted projective space P(a, b, c) at the point 
corresponding to Pk(o>, b, c). 

Assume that K is of positive characteristic. If there exists a negative curve on Xk(o>, b, c), 
then the symbolic Rees ring 

(24) S P K (a, b, c) P K (a, b, c) (2) © P K (a, b, c) (3) © • • • 
is Noetherian by [2]. 

Here, assume that the symbolic Rees ring (I24p is not Noetherian for some ao, bo, Co over 
some field K$ of positive characteristic. Since P^ (a,6, c) is not a complete intersection, 
we may assume 3 < ao < &o < Co- in particular, ao&oco > 60 > 10. Then by [2], there is 
no negative curve on Xx Q {ao, bo, Co). By a standard method of mod p reduction, there is 
no negative curve on Xc(ao, bo, cq). Then, by Proposition 15.21 Nagata's conjecture is true 
for a boc . 
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